the Kähler-Einstein condition on the Bergman metric. In Sect.2, we study Fefferman's asymptotic expansion of the Bergman kernel for a smoothly bounded strictly pseudoconvex domain in C n . We prove that if the Bergman metric is Kähler-Einstein, then the coefficient of the logarithmic term vanishes to infinite order at the boundary. The main theorem is then followed from above-mentioned results of contains further remarks and questions.
For information on the Bergman and Kähler-Einstein metrics on strictly pseudoconvex domains, we refer readers to the excellent exposition by C. Fefferman [BFG] . §1. Preliminaries
Let Ω be a bounded domain in C n and let K = K(z, z) be its Bergman kernel. The Bergman metric is a Kähler metric given by
Then the Ricci tensor of the Bergman metric is given by
The Bergman metric is Kähler-Einstein if R αβ = cg αβ for some constant c. Since here we only concern about bounded domains in C n , it is well-known that the constant c is necessary negative (see [C-Y, pp. 518 ] ).
Let B(z) = G(z) /K(z, z) . It follows easily from the transformation formula for the Bergman kernel that the function B(z) is invariant under biholomorphic mappings in the sense that if φ is a biholomorphic map from Ω 1 to Ω 2 , then B Ω 1 (z) = B Ω 2 (φ(z)). This function was introduced by Bergman and is called the Bergman invariant function [B] . Interesting application of the Bergman invariant function was given by Greene and Krantz [G-K] . Boundary behavior of invariants (including B(z) ) related to the Bergman kernel was studied in [BSY] and [K-Y] .
The following Monge-Ampére type equation was introduced by Fefferman [Fe2] :
Fefferman proved that a strictly pseudoconvex domain with smoothly boundary has a smooth defining function ρ such that J(ρ) = 1 + O(ρ n+1 ). This approximate solution turned out to be a powerful tool in constructing invariants for strictly pseudoconvex domains [G1, 2] . It was proved by Cheng-Yau [C-Y] 
Proposition 1.1. Let Ω be a strictly pseudoconvex domain with smooth boundary. Then the Bergman metric is Kähler-Einstein if and only if B(z)
Proof. It is easy to see that B(z) being a constant implies that the Ricci curvature of the Bergman metric is identical to −1. We now prove that necessity.
Since the Ricci curvature of the Bergman metric tends to -1 as z approaches the boundary bΩ [C-Y, pp . 510], we have
complete Reinhardt domain. Then the Bergman metric of Ω is Kähler-Einstein with Ricci curvature −1 if and only if B(z) is identical to a constant.
Proof. We need only to prove the necessity. As in the proof of Proposition 1.1, we have (log B(z)) αβ = 0. Thus B(z) = exp(Re f (z)) for some holomorphic function f (z) on Ω. Since B(z) is invariant under a T n -action, so is Re f (z). It follows that f (z) is identical to a constant.
§2. Proof of the main theorem
Let Ω = {z ∈ C n ; ρ(z) > 0} be a strictly pseudoconvex domain with a smooth defining function ρ. It follows from the work of Fefferman [Fe1] that the Bergman kernel has the asymptotic expansion
where φ, ψ ∈ C ∞ (Ω) and φ| bΩ = 0. To prove Theorem 2.1, we will need the following Lemma. 
By (1.1) and Proposition 1.1, we have
After substituting (2.1) and (2.3) into (2.4) and then multiplying both sides of (2.4) by ρ n 2 +4n+2 (to cancel the negative powers of ρ), we compare the coefficients of the powers of log ρ. It is easy to see that the logarithmic term (log ρ) n+2 appears only on the right hand side of equation (2.4). It then follows from Lemma 2.2 that ψ vanishes to infinite order at bΩ.
Proof of Lemma 2.2.
Proving by contradiction, we suppose that some f j (t), 0 ≤ j ≤ m, vanishes only to finite order. Let k be the minimum of the vanishing order of
) and let j 0 be the largest index j such that a j = 0. Multiplying both sides of (2.2) by t −k (log t) −j 0 , we obtain (2.5)
Letting t → 0 + , we obtain that the first and the third terms in (2.5) tend to 0. (Note that the first term in (2.5) does not appear if j 0 = 0.) Thus a j 0 = 0. This contradicts to our assumption.
Proof of the Main Theorem. According to [Fe2] , We may choose a defining function ρ of Ω such that J(ρ) = 1 + O(ρ 3 ). By Theorem 2.1, the logarithmic coefficient ψ(z) = O(ρ k ) for any k > 0. It follows from the work of BurnsGraham (a proof was given in [G1, pp. 129] , where the result was credited to
Burns. See also [M, pp. 23] ) that if Ω ⊂⊂ C 2 and ψ = O(ρ 2 ), then Ω is locally spherical. (Recall that a smooth hypersurface in C n is called locally spherical if it is locally CR equivalent to the unit sphere S 2n−1 . See [B-S] for related results in this direction.) Recently, it was proved by Chern and Ji [C-J] that a simply connected domain in C n with smooth locally spherical boundary is necessary biholomorphic to the unit ball. §3. Further Remarks
(1) If the domain Ω in the main theorem is assumed to be complete Reinhardt, then the strictly pseudoconvex condition can be reduced to pseudoconvex of finite type. This is true because the Kähler-Einstein condition in this case implies that the domain must be strictly pseudoconvex. We sketch the proof as follows.
It follows from the arguments in [Fu] that if Ω ⊂⊂ C 2 is a smoothly bounded pseudoconvex Reinhardt domain and p = (p 1 , p 2 ) is a boundary point of type 2m, then
where
The computations in [Fu] yield that
Now if the Bergman metric is Kähler-Einstein, by (the proofs of) Proposition 1.1 and 1.2, B(z) = 9π 2 /2. It is obvious that B Ω m ((0, 0)) ≤ 9π 2 /2 and the equality holds only when m = 1. It is easy to see that lim m→∞ B T m ((0, 0)) = 4π 2 . However, the computations of A m and B m are rather complicate. We are able to prove with aid of computer that B T m ((0, 0)) ≤ 9π 2 /2 and the equality holds only when m = 1.
(2) A theorem of Lu [L] states that a bounded domain in C n (without the simply connected condition) having a complete Bergman metric with constant holomorphic sectional curvature is necessary biholomorphic to a ball. In light of this result, it would be interesting to see if the simply connected condition in the main theorem can be dropped.
(3) It was asked by D'Angelo (see [Fe3, pp. 260] ) whether there are relations between the solution to Monge-Ampére equation (MA) and the Bergman kernel of a weakly pseudoconvex domain. Another interesting question asked by D'Angelo and Ramadanov (see [Da] , [R] ) is to characterize those smoothly bounded strictly pseudoconvex domains such that the logarithmic coefficient ψ(z) in Fefferman's expansion (2.1) vanishes on the boundary. A counterexample by R. Graham [G2, pp. 153] showed that the order of vanishing in the above-mentioned result of Burns-Graham is sharp, i.e., there are strictly pseudoconvex domains in C 2 with real analytic, but non-locally spherical boundary such that ψ(z) = O(ρ) . Nevertheless, for a strictly pseudoconvex complete Reinhardt domain in C 2 , Boichu-Coeuré [B-C] and Nakazawa [N] proved that if ψ(z) = O(ρ) , then the domain is biholomorphic to the ball. Similar result for real ellipsoids that are sufficiently closed to the ball was obtained by Hirachi [H] . Hirachi's result, combining with Theorem 2.1, implies that for a real ellipsoid in C n that is sufficiently closed to the ball, if its Bergman metric is Kähler-Einstein, then it is biholomorphic to the ball.
